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• - 3- where Nu is the average Nusselt number (defined for our systems in equation 32) , To is the shear stress at the wall averaged over the length L, and g is the magnitude of the gravitational acceleration. Sc is the Schmidt number, Gr is the Grashof number 3 2 Gr = gl!.pL I P 0 ,;v (3) and Cb and Bb are dimensionless coefficients which depend on the Schmidt number. Values of Cb and Bb for free convection in a binary fluid at a vertical surface are given in table 1.
The problem of isothermal mass transfer in a binary fluid is identical, mathematically, to that of heat transfer in a pure fluid, in which case the Prandtl number replaces the Schmidt number as a parameter in the analysis.
For free convection to a vertical surface with a constant density' difference l!.p, the local rate of mass transfer is inversely
proportional to x 1 / 4 , and the local shear stress .is proportional to x 114 , where x is the vertical distance along the surface measured from the beginning of the boundary layer • -4- Table 1 . Coefficients expressing the rate of mass transfer and the shear stress for free convection at a vertical plate from a bj nary fluid with a uniform density difference .6p between the vertical surfuce and the bulk solution (from references 1, 3, and 4). that is, the hydrodynamic boundary layer is much thicker than the diffusion layer, and a singular-perturbation treatment is appropriate.
Within the diffusion layer it is permissibie to neglect the inertial terms in the equation of motion, and outside the diffusion layer the concentration is uniform and equal to the bulk value. It turns out that it is possible to determine the velocity and concentration distributions within the diffusion layer without carrying out .the treatment of the velocity profile outside the diffusion layer.
In Nusselt number is expressed as (4) where£ is the angle between the normal to the surface and the vertical.
For the axisymmetric case, see reference 8 or 23.
The limit of small Schmidt numbers was and the problem was carried to a higher-order term 4 treated by Le Fevre, . 9
by Kuiken.
We confine ourselves to the analysis of laminar free convection. The transition to turbulence is discussed in connection with the present results for the ferricyanide-ferrocyanide system with supporting electrolyte.
The effect of ionic migration The migration effect is most simply expressed as the ratio lL/1 0 of the limiting current to the limiting "diffusion current,"
corresponding to the absence of migration, that is, with an excess of supporting electrolyte. The ratio IL/1 0 can be expressed as a function of the composition, characterized by the ratio of supporting electrolyte to total electrolyte.
Free convection in electrolytic srstems
The addition of supporting electrolyte to a solution does not make the free-convection problem directly comparable to that of heat transfer and nonelectrolytic mass transfer in a binary .fluid because, while it does reduce the effect of ionic migration, the concentration variation of the supporting electrolyte affects the density variation to roughly the same extent as the reactant and thus influences the velocity profile. Nevertheless, it has frequently been assumed l.
--+ ayz and the electroneutrality equation
Equation 6 is the boundary-layer form of the x-component of the equation of motion, and equation 7 is the boundary-layer form of the mass-transfer equation. Here y is the normal distance from the electrode. The inertial terms have been omitted from equation 6. This is a valid approximation within the diffusion layer at high Schmidt numbers, as discussed in the· introduction.
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The density is supposed to be the only variable physical property of .the system, and is represented here by a linear expression in terms of the solute concentrations:
where a. is a (constant) "densification coefficient." The mobility The boundary condition at y = oo cprresponds to the matching condition for the inner region (the diffusion layer)
in the first term of the singular-perturbation expansion for large Schmidt numbers. 5 The inner region can be solved without treating the outer region.
A general expression for the electrode reaction is z.
~s.M.
-1l-where s. is the stoichiometric coefficient of species i and M. is a 1 1 symbol for the chemical formula of species i. The current density is thus proportional to the flux of a reacting species at the electrode:
s.i = -nFN. at y = 0 1 y 1y (15) Since the current density is not known in advance, we express the boundary condition on the species fluxes as c. = c. at y = oo l 100 (18) c. = c. at x = 0 l 100
We now introduce the similclrity transformation (20) (21) where 1/J is the stream function defined so that the equation of continuity 5 is satisfied identically:
With the dimensionless variables equations 5 to 10 become ~()..
(24) (25) 
where t'he primes denote differentiation with respect to t,:. In equation 24, the plus sign applies if p is less than p , and vice versa. The densification coefficients in equation 9 are not unique for ionic species since the solution must be electrically neutral. The value of a. can arbitrarily be set equal to zero for one ionic species.
L
As a consequence of this arbitrariness, numerical values of ~ and f are not physically significant, and any results should rather be expressed in terms of the dimensionless distance n and the dimensionless stream function F(n) defined according to (29) and (30) The density difference L' lp is not known at the outset; consequently the calculations must be carried out in terms of ~ and f.
The principal results of interest are the mass-transfer rate or limiting current density and the shear stress at the wall. These are expressed by equations 1 and 2 with the coefficients Cb and Bb -14- replaced by C and B. Here the Schmidt number is· (31) and the average Nussel t number is (32) Of interest also are the concentrations of the nonreacting ions at the ,electrode, eio. These are necessary to calculate the den~i ty difference !:J.p used in the correlation of the current density and the shear stress.
Method of Calculation
Equations 24 to 26 form a set of coupled, nonlinear differential equations with boundary conditions at zero and infinity. These equations can be linearized about a·trial solution producing a series of coupled, linear differential equations. In finite difference form these give coupled, tridiagonal matrices which. can be solved readily on a high- , + e 4-t Fe(CN) 6 (39) is popular in mass-transfer studies and has been used in free convection, although it is not connnon. The densification in this system is mu,ch weaker than in copper sulfate s6lutions since the excess of product ion largely compensates for the deficit of the reactant. ionic migration on limiting currents is relatively small in this system, as obse~ved ~arlier, 13 .since the produ~t ion will al~ay~ prevent_ the electric field from becoming infinite at the electrode. ----C/Cb -----IL/1 0 rotating disk In contrast, the concentration ratios shown in figure 8 are essentially independent of the hydrodynamic situation, almost coinciding with results for the rotating disk (which are not shown).
Figures ·6 and 7 reflect the strong dissimilarity of the density profile in the supported solutions compared to that in a binary solution.
A dramatic consequence of this is shown in the! velocity profiles in
..c ,,
...
• .. -30-· figure 9 . · There is a velocity maximum which becomes more pronounced as KOH is added, and the magnitude of the velocities becomes smaller. The .
• -profile for r = 0.95 yields a converged but physically unreasonable solution, since the velocity far from the electrode has reversed sign.
Reasonable solutions were not obtained in the cathodic case fcir r greater than 0.85 for KOH,, and 0.75 for NaOH, supporting electrolyte. The situation is different only in degree from the one.encountered in'the case of supported Cuso 4 . Normalized density profiles for the two cases are compared in figure 10 . The ferricyanide-ferrocyanide system has a weaker densification than Cuso 4 , and consequently the addition of supporting.
electrolyte can have relatively a much greater effect on the density profile, as we see in figure 10 . The velocity far from the electrode (at the outer limit of the diffusion layer) can be expressed as .. ( 42) Consequently, in order for there to be a flow reversal, the first moment of the normalized dens~ty profile in figure 10 must be negative. Unfortunately, the experimental evidence on transition in free convection is rather confusing. Only in heat-transfer <·xperiments with air (with a Prandtl number of 0.7) has the transition region been defined by measuring velocity and temperature fluctuations. In air, the lower limit of transition is J by agreement of several experirtwnters, 41
Gr > 2 · x 10 9 .. An upper limit of transition is Gr < 10 10 , above which fully turbulent heat transfer occurs.
In heat-transfer experiments 45 with water and with liquids of Prandtl numbers on the order of 100, the transition criterion was put at However, ·the effect of migration also leads to a nonuniform concentration of the supporting electrolyte, and here, in contrast to forced convection, this can change considerably the velocity profile and also affect the limiting current. Because this effect can be partly correlated by using the overall density difference 6p in the Grashof number, we have reported here the concentration of supporting electrolyte at the electrode.
Frequently used supporting electrolytes, acids and bases, have higher diffusion coefficients than the reacting species. This means that the diffusion layer for the supporting electrolyte extends farther from the electrode than that for the reactants. This leads to a velocity maximum .)
. ,
-37-within the diffusion layer if the density difference due to the supporting electrolyte opposes that due to the reacting species, as was the case here .
The analysis applies to large Schmidt numbers. In this limit, the present results can be applied to other geometries by using the trans- 
